ABSTRACT. In the paper, we study eight properties of partial algebras most of which are related to diagonality. For each of the properties, we give sufficient conditions under which this property is preserved by powers of partial algebras.
Introduction
In his pioneering paper [1] , G. Birkhoff introduced the operation of a cardinal power of partially ordered sets and showed the validity of the first exponential law for the operation, i.e., the law (A B ) C ∼ = A B×C . In [6] , J.Šlapal extended the concept of a power from partially ordered sets onto arbitrary n-ary relational systems and studied its behavior. The same author introduced and studied powers of n-ary algebras in [7] and also powers of partial algebras in [8] . He showed the importance of idempotency, diagonality (in the sense of [5] ), mediality (in the sense of [3] ), and commutativity (in the sense of [4] ) of algebras and partial algebras when studying their powers. Moreover, in [9] , J.Šlapal defined and studied the following eight properties of partial algebras: idempotency, diagonality, commutativity, strong diagonality, weak diagonality, local diagonality, local antidiagonality, and weak local antidiagonality. The aim of this paper is to give sufficient conditions for universal partial algebras under which these properties are preserved by exponentiating the algebras and under which the exponentiation satisfies the first exponential law.
Partial algebras
For the basic concepts used concerning partial algebras we refer to [2] . Let Ω be a nonempty set. A family τ = (K λ ; λ ∈ Ω) of sets will be called a type. By a partial algebra of type τ we understand a pair G = G, (p λ ; λ ∈ Ω) where G is a nonempty set, the so-called underlying set of G, and p λ is a K λ -ary partial operation on G, i.e., a map p λ :
Throughout the paper, the type τ of any partial algebra G, (p λ ; λ ∈ Ω) is understood to be the family denoted by (K λ ; λ ∈ Ω). The underlying set of a partial algebra G will be denoted by |G|. Of course, given a partial algebra
be a pair of partial algebras of type τ . Then G is called a partial subalgebra of H provided that G ⊆ H and, for each λ ∈ Ω, whenever (
The set of all homomorphisms of H into G will be denoted by Hom(H, G).
The direct product of a family
, i ∈ I of partial algebras of type τ is the partial algebra
where i∈I G i denotes the cartesian product of sets and, for any λ ∈ Ω, any (f k ;
Given a partial algebra G, (p λ ; λ ∈ Ω) and λ ∈ Ω, an element x ∈ G is said to be a
and j ∈ L. We denote by M T the transposed matrix to M , i.e., the matrix
Then M is said to be x-constant provided that x ij = x whenever i ∈ K and j ∈ L, and it is said to have
strongly diagonal if, for any λ ∈ Ω and any x ∈ G, any p λ -operational
Clearly, strong diagonality implies diagonality, diagonality implies weak diagonality and local antidiagonality implies weak local antidiagonality. If G is idempotent, then strong diagonality implies local diagonality. Example 2.2. Let G be a set and ρ be a binary relation on G. Let p be the binary partial operation on G given by
Let q be the binary partial operation on G dual to p, i.e., given by
Then G, p, q is a partial algebra of type (2, 2) and we have: 
Then (G, p) is a weakly diagonal partial algebra.
Example 2.4. Let X be a set and let p be a binary partial operation on the power set P(X) of X given by
Then (P(X), p) is a locally antidiagonal partial algebra.
Let H = H, (q λ ; λ ∈ Ω) and G = G, (p λ ; λ ∈ Ω) be partial algebras of the same type, let λ ∈ Ω and let (
Then f need not be a unique homomorphism of H into G having this property -see the following example. Let f : H → G be the map given by f (1) = a, f (2) = a and g : H → G be the map given by g(1) = b, g(2) = a. Then f, g ∈ Hom(H, G) and, for any
then f is uniquely determined.
Stability of properties of partial algebras under powers
Ò Ø ÓÒ 3.1º Let H = H, (q λ ; λ ∈ Ω) and G = G, (p λ ; λ ∈ Ω) be partial algebras of the same type τ . The power of G and H is the partial algebra G H = Hom(H, G), (r λ ; λ ∈ Ω) of type τ where, for any λ ∈ Ω, any 
(2) Let M be r λ r µ -operational with r λ r µ (M ) = f and put
As H is idempotent, we get
Using Lemma 3.3, one can easily prove the following theorem.
Ì ÓÖ Ñ 3.4º Let G, H be partial algebras of the same type, H idempotent. If

G is commutative, diagonal, strongly diagonal or weakly diagonal, respectively, then so is
Ì ÓÖ Ñ 3.6º Let G, H be partial algebras of the same type, H idempotent and
and let G be locally diagonal. Let λ ∈ Ω and f ∈ Hom(H, G).
As H is idempotent and locally diagonal, we have q λ (a ij ; j ∈ K λ ) = y i for every i ∈ K λ by Lemma 3.5. Thus,
Since H is idempotent, f is uniquely determined. Hence,
Ì ÓÖ Ñ 3.7º Let G, H be partial algebras of the same type. H idempotent.
If G is locally antidiagonal or weakly locally antidiagonal, respectively, then so is G H .
be partial algebras of the same type, H idempotent, and let
It is also evident that M * has f (y)-constant diagonal. Using these facts, we easily get the statement.
Ì ÓÖ Ñ 3.8º Let G, H, K be partial algebras of the same type. If H, K are idempotent, then
and let H, K be idempotent.
Let λ ∈ Ω and define a map ϕ : Hom(K, Hom(H, G)) → Hom(H × K, G) by ϕ(g)(y, z) = g(z)(y) whenever g ∈ Hom (K, Hom(H, G) ), z ∈ K and y ∈ H. We will show first that the map ϕ is well defined, i.e., that ϕ(g) ∈ Hom(H × K, G) whenever g ∈ Hom (K, Hom(H, G) ). For this account, let g ∈ (Hom(K, Hom(H, G) ) and let ((
and, therefore,
Further, define a map α :
We will show that α is well defined, too.
Let h ∈ Hom(H×K, G).
Since H is idempotent, α(h)(z) is uniquely determined. Consequently, Hom(H, G) ).
Further, we have
for all h ∈ Hom(H × K, G), g ∈ Hom(K, Hom(H, G)), y ∈ H and z ∈ K. Consequently, ϕ and α are bijections inverse to each other.
To show that ϕ is a homomorphism, let (
To show that α is a homomorphism, let (
and α(h)(z) is uniquely determined because H is idempotent. Consequently, R λ (α(h i )(z i ) ; i ∈ K λ ) = α(h)(z). The idempotency of K implies the uniqueness of α(h), hence T λ (α(h i ) ; i ∈ K λ ) = α(h). Therefore, α is a homomorphism.
We have shown that ϕ : Hom (Hom(H, G) ) K λ , R λ (f i ; i ∈ K λ ) = f . Let µ ∈ Ω and let (y j ; j ∈ K µ ) ∈ D q µ , q µ (y j ; j ∈ K µ ) = y. Consider the K λ × K µ -matrix M = (f i (y j ) ; i ∈ K λ , j ∈ K µ ) over G. Then, for each i ∈ K λ , p λ (f i (y j ) ; j ∈ K µ ) = f i (y) because f i ∈ Hom(H, G) for each i ∈ K λ . Further, we have p λ (f i (y) ; i ∈ K λ ) = f (y) and p λ (f i (y j ) ; i ∈ K λ ) = f (y j ) for each j ∈ K µ (by the definition of the direct product of partial algebras). Thus, M is p λ p µ -operational with p λ p µ (M ) = f (y) and M T is p λ -operational. Since G is commutative, we have p µ p λ (M T ) = f (y). Thus, p λ (f (y j ) ; j ∈ K µ ) = f (y), which yields f ∈ Hom(H, G).
ÓÖÓÐÐ ÖÝ 3.10º Let G, H be partial algebras of the same type. If G is both diagonal and commutative and H is idempotent, then the power G
H is a partial subalgebra of the direct product G |H| .
